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Abstract 

We consider the Palatini formalism of gravity with cosmological con¬ 
stant A coupled to a scalar field <j> in n-dimensions. The n-dimensional 
Einstein equations with A can be derived by the variation of the coupled 
Palatini action provided n > 2. The Hamiltonian analysis of the coupled 
action is carried out by a 1 + (n ~ 1) decomposition of the spacetime. It 
turns out that both Palatini action and Hilbert action lead to the same 
geometric dynamics in the presence of A and (f>. While, the n-dimensional 
Palatini action could not give a connection dynamics formalism directly. 
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1 Introduction 

In Palatini formalism Lorentz connection becomes one of the basic dynamical 
variables. This feature causes great interest in the study of non-perturbative 
quantum gravity[T]{2 s 3|, modified gravity theories [5 J5| and their cosmological 
applications7;. On the other hand, high dimensional gravitational theories, 
such as Kaluza-Klein theory, are widely investigated^ 0 [TO] [TJ] since they pro¬ 
vide the possibility to unify gravity with gauge fields by certain higher dimen¬ 
sional geometry. Also the matter and black holes in high dimensional gravity [T2| 
and the concept of energy in high dimensional spacetime ^31 El are fully inves¬ 
tigated. The n-dimensional Palatini action, in the case n > 2, can reproduce 
n-dimensional vacuum Einstein equations |15|. Although the Hamiltonian for¬ 
malism of 4(or 3)-dimensional Palatini gravity has been fully studied m^], the 
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full Hamiltonian analysis of higher dimensional Palatini formalism is still lack¬ 
ing. One may ask the question whether one could derive a connection dynamics 
formalism from n-dimensional Palatini action, as connection variables are the 
foundation to apply the technique of loop quantum gravity. 

In this paper, we consider the Palatini formalism of ?r-dimensional gravity 
with cosmological constant A coupled to a Klein-Gordon field <j>. A straight¬ 
forward calculation show that the coupled Palatini action can still reproduce 
n-dimensional Einstein’s equations even in the presence of A and <f> provided 
n > 2. We then derive the corresponding Hamiltonian formulation by carrying 
out a 1 + (n — 1) decomposition of the underlying n-dimensional spacetime. It 
is well known that in the Legendre transform of 4-dimensional Palatini formal¬ 
ism, besides the expected first-class constraints representing the internal gauge 
symmetry and spacetime symmetry, there appear also second-class constraints 
to account for the degrees of freedom of the theory. A complicated step in the 
Hamiltonian analysis is then to solve those second-class constraints. While, in 
higher dimensional Palatini formalism, another problem arises since the con¬ 
struction of the anticipated constraints responsible for the degrees of freedom is 
not so obvious as that in 4-dimensional case. Let alone to solve the constraints. 
We deal with the two troublesome problems by one trick, namely gauge fixing 
a unit time-like internal vector n ,J and solving the boost part of the Gauss con¬ 
straint relative to n 11 . It turns out that both first order Palatini action and 
second order Einstein-Hilbert action lead to the same geometric dynamics in 
n-dimensions (n > 2) in the presence of A and (f>. Thus, as in 4-dinrensional 
case, one could not obtain connection dynamics directly from the n-dimensional 
Palatini action. 


2 Lagrangian Formalism 

Consider an n- manifold ( n > 2), M. on which the basic dynamical variables 
in the Palatini framework are n-basis e“ and so(l,n — l)-valued connection 
{not necessarily torsion-free), where the Greek indices /u, v,... denote the 
internal 50(1, n — 1) group and the Latin indices a, b,... denote the ’’spacetime 
indices”. The internal space is equipped with a Minkowskian metric rj (of 
signature —(-...+), fixed once for all, such that the spacetime metric reads: 

9ab = V^ e a e b • 

The coupled Palatini action in which we are interested is given by: 

S p [e b a ,CorA}= \\ rx{e)[e“eln a r + 2A] 

z J M 

[ d n x{e)[r]^ v e^el{B a (j))d b (l) + rn 2 (j)% (1) 

z J M 

where e is the square root of the determinant of the n-metric g ab , A is the 
n-dimensional cosmological constant, «m is the coupling constant, d a is a flat 
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derivative operator on M. and the so(l, n — l)-valued curvature 2-form of 

the connection w£ v reads: 

n a r = 2V [a u>f ee A QjJ. 

The gravitational field equations are obtained by varying this action with respect 
to e“ and wj iv . To carry out the variation with respect to the connection, it is 
convenient to introduce the unique (torsion-free) generalized covariant derivative 
V a on both space-time and internal indices determined by the bases e“ via: 

V„e* =0 a e‘+f^ c e£+f o ; e ‘=O, (2) 

where T b ac and T a " are respectively the Levi-Civita connection and spin connec¬ 
tion on M. The difference between the and T C [ J ‘ V is a covariant generalized 
tensor field with respect to both internal and spacetime indices defined by: 

cr = f r- (3) 

Hence the difference between the curvatures of uj and T is given by: 

n a r - R a r = 2V [a c 6 f" + 2 C”C b]p \ ( 4 ) 

where R,J‘ V is the curvature 2-form of V a . Note that the variation of the action 
0 with respect to u!„ ltv (keeping the basis fixed) is the same as its variation 
with respect to . Using Eq. ©, the action 0 becomes: 

S p [elCrA\= \ f d"x(e)[e^(^ a r+2V [o ^ + 2C [ 7q ] /) + 2A] 

A J M 

--77- [ d n x{e)[ii^e^el{d a (t))d b (t) + rn 2 (t?]. (5) 

Z J M 

By varying this action with respect to , one obtains: 

(e^JS^CbS = 0 , ( 6 ) 

which implies: 

(n - 2)C 0 /e“ = 0. (7) 

This yields C'J 1 = 0, when n ^ 2. Using this result, Eq. © leads to 

= C (a "y ( 8 ) 

Thus, is symmetric in its first two indices. Since C a/Jll/ = we can 

successively interchange the indices to show C = 0. This is the desired result. 
Thus, the equation of motion for the connection is simply that it equals 
E,/ 1 ". Thus the connection uij 11 ' is completely determined by the bases. By 
carrying out the variation of action © with respect to the bases, one obtains: 

e^r - \nj p e c p ey b - Ae£ = a M [v "%(Wc0 

e c ^(d c (j))d d (t) + m 2 </> 2 )]. (9) 
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Using the fact that = R a ^ and the curvature 2-form of V a is related to 
its space-time curvature by R a bp = I? abc and multiplying Eq. © by &vai 
it follows that the Einstein equations holds. It is obvious that the variation of 
action m with respect to (f> will still give the Klein-Gordon equation. 


3 Hamiltonian Analysis 

To carry out the Hamiltonian analysis of action o. suppose the spacetime M 
is topologically E x R for some (n — l)-manifold E. We introduce a foliation and 
a time-evolution vector field t a in M, where t a can be decomposed with respect 
to the unit normal vector n a of E as: 


t a = Nn a + N a , 


( 10 ) 


where N is called the lapse function and N a called the shift vector |TT) | 117 | . De¬ 
note S p = Sq + Skg- Then the action of gravity and matter can be respectively 
decomposed as: 


S G = If d n x{E)[NE;Eln a r+ 2n { pE^r-2n { pE^r 

1 JUxR 

+27V>X]^r + 2iVA], (11) 

Skg = ~ J dftximiTTEZElidatidbt - - N a d a ft ) 2 

+to 2 </> 2 ], (12) 


where E“ = e b q% = e b p(g% + n a nb ), E is the square root of the determinant 
of the spatial metric q a b, E> a is the spatial SO(l,n — 1) generalized covariant 
derivative operator reduced from V a and corresponds to a so(l,n — l)-valued 
spatial connection 1-form ui c ft 1 ' = = q^ot^cd'' is the correspond¬ 

ing spatial so(l, n —l)-valued curvature 2-form, toft 1 ' is the Lie derivative of ujft 1 ' 
with respect to t° (treating the internal indices as scalars), and d a is the deriva¬ 
tive operator on E reduced from d a . The internal normal vector is defined as 
Up = n a e“, from which one has ift^EpU^ = 0. By a gauge fixing np = (1,0,0...), 
one can split the internal indices /i, a,... into 0 ,i,j,... . Note that the gauge 
fixing put no restriction on our real dynamics. 

Let N_ = N/E be the densitized lapse scalar of weight —1 and Ef = (E)Ef 
the densitized spatial basis of weight 1. The action of gravitational field can 
then be decomposed as: 


S G = f d n x[NE“E b 3 {D [a ^ + K{ a K& - co t M D a E? 

JZxR 

+u Jt ij E? i K W] + EfKi - 2 N a E b D [a Ki } + (E) 2 NA], (13) 

where K 3 a = ujJ°, and D a is the SO{n — 1) generalized covariant derivative 
operator with respect to w 0 y . The unique torsion-free SO(n — 1) generalized 
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covariant derivative operator annihilating Ef is defined as: 

V Q ^ = d a E b + T b ac EZ + TJE) = 0, (14) 

where T b ac and T ( J are respectively the Levi-Civita connection and the spin 
connection on E. Let C^ be the difference between w^ and T Q y , i.e., 

as) 


Then the constraint equation with respect to the Lagrangian multiplier ui t l0 
reads: 

St = = S7aE« + C a ij E“ = ( E)C; j = 0, (16) 


which means that C,* 3 = —C, 3> = 0 in the reduced phase space. So in the 


y _ _(j 3 l 

reduced phase space determined by Eq. m, the action of gravitational field 
reads 


Sg = 


/Sxit 


where R ( J 3 = 2Vr„T 


d n x[±NEZE b Rj - liEfNC/^ 3 +NE\ a E b] IC a K 3 b 

+u t ij EZ i K ]alj] + EfKi - 2 N a E b V [a Ki } + N a C a i3 E b K bl 
+{E) 2 NA ], (17) 

[ a r b j J is the Riemann curvature 2-form compatible with the 

i i 
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spatial basis Ef. Then the variation of S p respect to C zfe gives: 


= ~2 {E)2mc W + c l = °- 


(18) 


While, the constraint equation determined by the Lagrangian multiplier 
reads: 


SS P 

Su> t ij 


= E? t K Wj] = 0. 


(19) 


Since Cj k = C^ k \ by substituting Eq. (Util) into Eq. ill Mil , one gets: 


C[4=°, (20) 

which leads to Cijk = 0 by using the same trick in the previous section. Hence, 

the action of gravitational field can be reduced to: 

Sg = [ d n x[EZ K + K(hE) 2 (R + 2A) + E\ a E b] KK 3 ) + Q t ij E£K W] 

J'ExR z 

-2N a E b W [a K 3 b] \. (21) 

On the other hand, the action of the scalar field can be written via the 
internal gauge fixing as: 

Skg = f (Tx^NEZE^d^d^ - - N a d a <t)) 2 

2 JSxR K 

+{E) 2 Nm 2 <j) 2 }. (22) 
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(23) 


The canonical momentum conjugating to <f> reads: 

5f = | = f ( ^ Ar “ 8 “^ 

Hence the scalar field action can be expressed as: 

Skg = f d n x [-- N^-^E-E^dacfyd^ + -^—n 2 + (E ) 2 m 2 cf) 

JxxR 2 2 «m 2 

-N a nd a fl. (24) 

Thus, combining Eqs. <ED and El, the total Hamiltonian and all constraint 
equations of n-dimensional Palatini gravity with A coupled to <fi can be summa¬ 
rized as: 


H tot = 

- / d^x^Gij +NH + N a Va} 

(25) 




Gij = 

E[i K \a\j], 

(26) 

H = 

[- 2 (E) 2 (R + 2A) + El a EflC a Ki} 



E? E)dAd b ct> + ^-n 2 + ^(£) 2 to 2 <A 2 ], 

(27) 

V a = 

—2EjV [ a K^ - nd a <j). 

(28) 


They have the same form as those in the ADM Hamiltonian formalism. Hence 
the constraints also comprise a first-class system. 

In conclusion, for arbitrary n > 2 dimensional spacetime, the Palatini action 
and the Einstein-Hilbert action lead to the same classical dynamics in the pres¬ 
ence of cosmological constant and Klein-Gordon field. Thus, as an alternative 
approach, one may study the dynamics of higher dimensional gravitation with 
matter fields, such as the brane world theory, in Palatini formalism as well. 
While, the n-dimensional Palatini action could not give a connection dynamics 
formalism directly. 
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